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The inverted pendulum is doubtlessly one of the most famous control problems found in 
most control text books and laboratories worldwide. This popularity comes from the fact that the 
inverted pendulum exhibits nonlinear, unstable and non-minimum phase dynamics. The basic 
control objective of the study is to design a controller in order to maintain the upright position of 
the pendulum while also controlling the position of the cart. In our study we explored the 
relationship that the tuning parameters (weight on the position of the car and the angle that the 
pendulum makes with the vertical) of a classical inverted pendulum on a cart has on the pole 
placement and hence on the stability of the system. We then present a family of curves showing 
the local root-locus and develop relationships between the weight changes and the system 
performance.  We describe how these locus trends provide insight that is useful to the control 
designer during the effort to optimize the system performance.  Finally, we use our general results 
to design an effective feedback controller for a new system with a longer pendulum, and present 
experiment results that demonstrate the effectiveness of our analysis. We then designed a 
simulation-based study to determine the stability characteristics of a holonomic inverted pendulum 
system. Here we decoupled the system using geometry as two independent one dimensional 
inverted pendulum and observed that the system can be stabilized using this method successfully 
with and without noise added to the system. Next, we designed a linear system for the highly 
complex inverted pendulum on a non-holonomic cart system. Overall, the findings will provide 
valuable input to the controller designers for a wide range of applications including tuning of the 





CHAPTER 1: GENERAL INTRODUCTION 
 
 
1.1       Background and Motivation 
The problem of balancing an Inverted Pendulum is a long studies topic of research and is 
used as a benchmark for efficacy of control system. This is also because inverted pendulum can 
exhibit both linear and nonlinear behavior depending on desired motions and the employed control 
algorithms. Also, the control of the inverted pendulum resembles some of the real time applications 
like launching a rocket missile [1]–[3], operation of the very famous Segway transporter [4]–[7], 
balancing of a bicycle [8]–[10], design of humanoid robots [11]–[14], and numerous other 
applications. Fig. 1.1 shows some of the applications of the inverted pendulum model. There have 
been many researches which challenges to design controllers for different variations of the inverted 
pendulum model. The most important among those are the wheeled inverted pendulum [15]–[17], 
double inverted pendulum [18], [18]–[21] and pendulum on an inclined surface [22], [23]. The 










Fig 1.1: Applications of Inverted Pendulum model 
















Fig 1.2: Wheeled Inverted Pendulum 
• Wheeled Inverted Pendulum: Wheeled inverted pendulum is a mechanical model driven 







        
Fig 1.3: Double Inverted Pendulum 
• Double Inverted Pendulum: A double inverted pendulum is a mechanical body which 
consists of a cart, two inverted pendulum and is free to oscillate from the unstable pendulum 















Fig 1.4: Inverted Pendulum on an inclined surface 
• Inverted Pendulum on an inclined surface: As shown in Fig. 1.4 inverted pendulum on an 
inclined surface is an inverted pendulum system which can stabilize itself while also 
traveling on a surface which is inclined. This type of pendulums has its application in many 
agricultural fields where the surface is sometimes inclined. 
There are also significant literatures on different ways of stabilizing the inverted pendulum on the 
cart. Significant among those are fuzzy control [24]–[26], extended state observer control [], LQR 
controller [27]–[29], pole placement method [30], [31] Partial Linearization method [32] and 
energy-based control [33], [34]. In our study we performed extensive studies to design and present 
ways to improve the LQR controller (Linear Quadratic Regulator) design strategies for the inverted 






1.2      Linear Quadratic Regulator 
  Linear quadratic regulator approach is an optimal control technique, which determines the 
state feedback gains by optimizing the values of the system state order a typical response trajectory 
of the dynamical system. Optimal control technique is associated with operating a dynamical 
system with minimum cost. Mostly, the system dynamics is described by a set of linear equations 
where the cost needs to be a quadratic function and hence the name linear quadratic regulator. It is 
a well design technique which provides practical feedback gains for such systems. The advantages 
of such a controller is its robust design and optimally stable gains.  
Now for the design of a linear Quadratic regulator the plant needs to be written in the form 
of: 
?̇? = 𝐴𝑥 + 𝐵𝑢 
Where, 𝑢 = −𝐾𝑥 
𝐾 is the feedback matrix implemented as 𝑢 = −𝐾(𝑥𝑑𝑒𝑠 − 𝑥) 
Where 𝑥 is the state vector and 𝑥𝑑𝑒𝑠 is the desired state vector. A and B are the state matrices. 
 Although the design and control theory associated with the balancing of such a system is well 
established, but a major concern about designing a LQR controller for inverted pendulum like 
systems as well as other inherently unstable systems is the proper tuning of the weighting matrices 
in order to maintain a proper balance between different desired performances[35]–[37]. Many 
researchers in current literatures have mentioned difficulties as well as ‘trial and error method’ to 
get a desired value of the weighing matrices [38], [39]. Our paper aims in dealing with this problem 
by establishing the relationship between the pole locations and the balancing performance of the 
pendulum. This also helps to establish a new understanding on the control demands and stability 




determining the stability of the system. We have presented both simulation as well as experimental 
results to corroborate our theoretical findings. We have used the Quanser inverted pendulum cart 










Fig 1.5: Experimental base from Quanser 
In general, these models can be holonomic and/or nonholonomic in nature. We dealt with 
holonomic cart design for our first and second study. Our third study mainly deals with solving 
the nonholonomic inverted pendulum system. The equations of motion are in most cases 










Where, 𝐿 = 𝑇 − 𝑉, i.e. the difference between kinetic and potential energy of the system. 
𝑞𝑖 is coordinates at which the energy is evaluated. 
Next, we concentrate on modeling the equations for stabilizing a spherical inverted pendulum 
with both holonomic and non-holonomic constraints on the cart of the system. The term spherical 




perpendicular to the horizontal plane. The term spherical inverted pendulum refers to a complex 
system in control theory since it is nonlinear and unstable [40]. The terms holonomic and non-
holonomic are described below: 
• Holonomic constraints: This are integrable constraints which means that depending on 
time derivatives of the coordinates these constraints can be integrated to express the 
constraints in only the coordinate themselves. In simpler terms it can be said that the 
constraints subjected are integrable into positional constraints of the form: 
f(q1,q2,q3,....qn ; t) = 0 where, qi are the system coordinates. 
• Non-Holonomic constraints: These are constraints that are expressed in terms of 
coordinate velocities that are not derivable from coordinate constraints hence are 
unintegrable. Basically, non-holonomic constraint are limitations on the allowable 
velocities of an object. That means the system can move in some restricted directions only 
(forwards and backwards but not side to side). Fig. 1.6 below highlights the difference 






Fig 1.6: Holonomic and Non-Holonomic constraints 
In simpler words we can say that holonomic systems are systems where all the system 
constraints can be integrated into positional constraints which intuitively means that these are 




a situation where the constraints are non-integrable into position constraints or indirectly these are 
the constraints on the velocity of the system. Our next objective is to design a mathematical model 
to stabilize the inverted pendulum on a holonomic cart. Spherical inverted pendulum on a 
holonomic cart has several applications including military and medical field like exploiting the 
maneuverability of wheelchairs. We have assumed here that the holonomic cart here is an 
omnidirectional cart which could move in any desired direction including moving sideways. Fig. 
1.7 below illustrates such a cart. It contains a special type of wheels called as mecanum wheels 
contains a hub and several rollers attached to the circumference of the hub. This special design 








Figure 1.7:  Photo of the omnidirectional cart  
 
In this study we will mainly concentrate on stabilizing the inverted pendulum on the 
holonomic cart so that the system can reach any direction without changing its direction of 
movement. We have presented simulation results to corroborate the theoretical findings of the 
study. 
Next, we move on to design a mathematical model for controlling the inverted pendulum 
on a nonholonomic cart. In recent years non holonomic systems and its application in various fields 




design due to its involvement of steering angles and other nonlinear dynamics. A major drawback 
of the LQR controller is its inability to work with nonlinear systems. In this study we focus on 
linearizing the highly nonlinear inverted pendulum model to provide a basis for the design of linear 
controllers that can be applied on the system. This study extends the classical planar cart pole 
system study to the real-world three-dimensional system. There are various applications of the 
wheeled inverted pendulum and hence many researchers have concentrated their study in this field 
[43]–[46]. But the kinematic and dynamic modeling of the inverted pendulum on a four wheeled 
cart with steering constraints have been less studied in literature. The stabilization of an inverted 
pendulum with nonholonomic constraints can provide a new direction to the transport, medical, 
military, and agricultural industries. 
 
1.3       Research Objectives 
To get a comprehensive understanding of the design of a Linear Quadratic Regulator 
(LQR) for stabilizing an inverted pendulum on a cart with and without constraints we have divided 
our study into three main objectives. Figure 1.8 illustrates the organization of the research task as 
well as the dissertation. The specific objectives with respect to each of these studies is described 
below: 
1. Stabilization of the Inverted Pendulum on a one-dimensional cart system 
• Model the kinematics and dynamics of the classical inverted pendulum problem for further 
advanced study on the system. 
• Design a suitable LQR controller for the system and investigate the effects that the 
changing parameter weights have on the performance of the system. 




• Provide simulation and experimental results to corroborate the theoretical studies. 
 
2. Stabilization of the Inverted Pendulum on an Omnidirectional cat with holonomic 
constraints 
• Design the mathematical model for stabilizing the inverted pendulum on an 
omnidirectional four wheeled cart with holonomic constraints. 
• Design an LQR controller for stabilizing the pendulum on the cart as well as direct the 
system to follow a specific reference trajectory. 
• Provide simulation results along with noise parameters to corroborate the theoretical 
design. 
3. Stabilization of the Inverted Pendulum on an Omnidirectional cat with nonholonomic 
constraints 
• Model the nonholonomic constraints and develop the kinematics and dynamics of 
the complex non-linear system. 
• Linearize the model to provide a design basis for linear controllers of the highly 
nonlinear inverted pendulum model. 
 
1.4       Broder Impacts: 
Performing advanced studies on designing and modifying controllers for stabilization of 
the inverted pendulum on a one-dimensional cart as well with constraints (holonomic and 
nonholonomic) should contribute significantly to the existing literatures on inverted pendulums 
and its stabilization. This study is expected to establish some major findings in controls 




exploring the dependence of the system performance on the LQR weights is believed to contribute 
the controls society with an idea of how to choose the best gains for achieving the best performance 
for the system.  The mathematical model designed for the stabilization of the inverted pendulum 
on a holonomic and nonholonomic inverted pendulum will provide a basis for design of various 
types of linear controllers for such systems. Although there are existing literatures on the 
mathematical modeling of a holonomic and nonholonomic inverted pendulum system but in my 
knowledge stabilization of an inverted pendulum on a nonholonomic cart with steering and other 
complex constraints is a novel study. Overall, the findings will provide useful insights valuable 
input for designing an effective controller for the inverted pendulum model with various 
constraints. This will also provide a design basis for a wide range of applications from agricultural, 












Figure 1.8: Outline of research objectives 
 
 









LQR weights and length of 


















1.5      Thesis Organization 
 
Following the introductory chapter, chapter 2 discusses the dynamic modeling of the 
classical inverted pendulum model and the effect of parameter weights and the pendulum length 
on the performance of the system. Chapter 3 discusses the modeling of the stabilization of the 
inverted pendulum on an omnidirectional cart with holonomic constraints. Mathematical 
modeling and simulation results are provided as well. In chapter 4 we have discussed the 
advanced inverted pendulum model on an omnidirectional cart with nonholonomic constraints. 
In chapter 5 we have listed the conclusions from different chapters. Simulation procedures and 
experimental methods related to each study are discussed in the respective chapters. 
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CHAPTER 2: STABILIZATION AND OPTIMIZATION OF DESIGN PARAMETERS 
FOR CONTROL OF INVERTED PENDULUM 
 
Modified from a paper published in Journal of Dynamics Systems, Measurement and Control 




In this work we study the dynamic response of the most popular unstable control problem, the 
inverted pendulum, in terms of classical control theory.  The theoretical and experimental results 
presented here explore the relationship between changes in the indirect tuning parameters from the 
Linear Quadratic Regulator (LQR) design, and the final system performance effected using the 
feedback gains specified as the LQR weight constraints are changed.  First, we review the 
development of the modern control approach using full state-feedback for stabilization and 
regulation, and present simulation and experimental comparisons as we change the optimization 
targets for the overall system, and as we change one important system parameter: the length of the 
pendulum.  Second, we explore trends in the response by developing the generalized root locus for 
the system using incremental changes in the LQR weights.  Next, we present a family of curves 
showing the local root-locus and develop relationships between the weight changes and the system 
performance.  We describe how these locus trends provide insight that is useful to the control 
designer during the effort to optimize the system performance.  Finally, we use our general results 
to design an effective feedback controller for a new system with a longer pendulum, and present 





The inverted pendulum is a widely established problem, serving as a demonstration for control 
theory in both literature and practice. Olfa Boubaker has provided a detailed survey in [2] where 
he has mentioned the importance, application and major accomplishments of the inverted 
pendulum problem. The two most common methods of stabilizing the classic inverted pendulum 
are: the vibrational control principle where the basic idea is to displace the pivot of the pendulum 
along the vertical direction by applying an open loop vibratory signal of high frequency and small 
amplitude [1]. The second approach involves moving the pivot of the pendulum in a horizontal 
direction and then applying a suitable control law in the feedback form, which can be constructed 
explicitly [3]. Researches on stabilization of the classic inverted pendulum are the basis for 
foundation of some key technologies in rocket, missile and robotics control methods. For example, 
Shin and Kim [27] used the 3-D linear inverted pendulum model to develop a practical gait-
planning algorithm to minimize the energy consumed by actuators of a biped humanoid robot. The 
dominant dynamics of a biped robot supporting its body on one leg can be modeled as a single 
inverted pendulum [33], which connects the supporting foot and the center of mass of the whole 
robot. They applied the motion generated by a 3D linear inverted pendulum model to examine a 
simulated humanoid robot. The physical parameters of the robot were built similar to the inverted 
pendulum parameters where the legs were modeled as the pendulum and the upper body including 
the arms and the head as a single entity in order to represent the parameters of the inverted 
pendulum model. The walking cycle of yet another biped robot in [34] was modeled using the 2D 
inverted pendulum model in order to produce natural swings in the robot. They also designed the 
ZMP (zero moment point) dynamics of the biped robot using the equations of motion of an inverted 
pendulum system. Other applications of inverted pendulum are found in transport machine that 
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needs to balance objects and in systems that support walking for patients [32]. Finally, one of the 
most famous applications of the inverted pendulum model is the commercially available Segway, 
which is a popular vehicle in applications as diverse as tourism and law enforcement [31]. 
Many papers have implemented the inverted pendulum cart dynamical system with various 
control schemes. A Lyapunov function-based control of the inverted pendulum cart system is 
established in [29], where they first developed a partial feedback linearization to linearize the 
actuated coordinate of the inverted pendulum and then used a suitable Lyapunov function to design 
the feedback controller. Other approaches include fuzzy control [5-8], extended state observer 
control [9], LQR controller [4, 10] and LQR controller with a Kalman Filter [11], pole placement 
method [12] Partial Linearization method [13] and energy-based control [14-16]. A hybrid control 
approach that combines the fuzzy logic control and linear state feedback control approach is 
proposed in [30] to operate the inverted pendulum cart mechanical system with restricted cart track 
length. In the current work, we concentrate on the detailed study of the complex plane pole 
locations during the design of the LQR controller. Although the design and control theory 
associated with the balancing of such a controller is well established, the specific effects of various 
design parameters on the pole locations and balancing performance of the inverted pendulum 
provide new understanding on the relationship between control demands and stability. 
The balancing performance and response characteristics of the classical inverted pendulum are 
directly dependent on the weight matrix design of the LQR controller. Many approaches in earlier 
literature describe “trial and error” methods to obtain necessary gains for achieving successful 
balancing of the inverted pendulum. For example, An et al. [17], mentions iterating through 
multiple values of Q and R to optimize the balancing control of their system. Lauwers et al. [18] 
suggests of manually adjusting one of the gain parameters and hand tuning the weight matrices to 
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achieve the desired balancing performance in their Ballbot model. Grassers et al. [19] mentions 
pole placement as a desired method to stabilize their mobile inverted pendulum and adjusted the 
gain values with several iterations of experimental data. This work also discusses about the 
restrictions involved in making the system faster after a certain limit in order to increase the system 
performance. However, this research did not develop a generalized procedure for exploring the 
controller gains so as to change the system performance. The experimental results also reveal the 
presence of limit cycles in the system. Lan and Minrui [20] performed several runs of guess and 
check iterations to determine suitable feedback gains for their coupled set of inverted pendulum 
systems, using several sets of controller gains in order to find the best suitable set of values.  Sen 
et al. [21] used the Bees algorithm to tune the LQR controller of their inverted pendulum system. 
Bees Algorithm [26] is a search-based algorithm inspired by the food foraging behavior of 
honeybees, used to find the optimal solution to a problem. However, their model lacked 
experimental verification of the simulation results. Vasudevan et al. [22] performed a detailed 
study of the design characteristics of the wheeled inverted pendulum model, but their study mostly 
focused on better balancing performance from the electromechanical capabilities of the system. 
In the current work, our focus is to explore the relative effects of changes in the LQR gains on 
the magnitude of the full state feedback gains, and thus the overall control command, in order to 
improve the system performance. We monitor how changes in the LQR weights improve the 
performance of the system. Although this system includes non-minimum phase zeros, we explore 
how the LQR variations move the dominant poles of the system. We show how to best adjust the 
LQR gains in order to optimize the system performance with the most effective control command. 
We provide experimental results to validate the real-world performance with simulation. 
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Once we develop the general approach for tuning the full state feedback controller, we apply these 
optimization principles to a new system with a longer pendulum. Earlier work [23] explored the 
motor bandwidth by changing the height of the pendulum, but the dependence of stability of the 
pendulum on the length of the pendulum is not clearly explained. Although Milton et al. [24] 
proved mathematically and experimentally that longer pendulums are comparatively easier to 
balance in case of human stick balancing at the fingertip, but these observations do not apply 
directly to the classical inverted pendulum case. In this paper, we explore how changing the length 
of the pendulum changes the open loop poles and zeros, and how to use the LQR gains to obtain 
the best, closed loop dynamic response characteristics.  
2.3    Mathematical Modeling of the Experimental Platform 
 
           
Fig 2.1. Schematics of inverted pendulum system architecture 
Our experimental hardware was designed and built by Quanser Limited, although we did 
not use the standard power amplifier computer interface. The inverted pendulum constitutes a 
pendulum mounted on the top of a cart equipped with a motor that drives it along a horizontal 
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by the ARDUINO UNO attached to the cart motor. A schematic of the inverted pendulum model 
is shown Fig.2.1. The positive datum for the inclination angle 𝜃 and the cart position 𝑥 is shown 
in Fig. 2.1.  F is the external force that the motor applies on the cart and the length of the pendulum 
l is measured from the center of mass. The definitions and values of the parameters are provided 
in Table 2.1. 
 
Table 2.1.     Parameter Values 
Parameter Description Value 
𝑀 Mass of the cart 0.580kg 
𝑚 Mass of the pendulum 0.210kg 
𝑙 Distance from pivot to center of mass of the 
pendulum 
0.65m 
𝑔 Gravity constant 9.8m/s 
𝐾𝑚 Motor torque constant 0.00767Nm/A 
𝐾𝑔 Gearbox ratio 3.7 
𝐾𝑒 Back EMF constant 0.00767Vs/rad 
𝑟 Pinion radius 0.0068m 
𝑅 Motor armature resistance 2.6Ω 
 
In the experimental system we obtain the velocity values using backward differentiation 
method. This method of velocity estimation requires some filtering because it amplifies the noise 
in the hardware system. In this work, we introduce second order low pass filters for velocity signals 
𝑥ሶ  and 𝜃ሶ  to eliminate differentiation noise from the sensors of the system. We adjusted the cut-off 
frequencies for the low pass filters of the velocity sensors at a frequency of 70 Hz. Detailed 
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analyses of experimental data revealed some random noise in the command voltage to the cart.   A 
low pass filter with a cut off frequency of 300 Hz on the motor voltage output helps reduce the 
random noise, which can otherwise cause erratic motor behavior. We determined the cut off 
frequencies on the low pass filters by conducting an iterative process on the actual hardware to 
obtain best possible results. 
2.4   Inverted Pendulum System Equations & State Space Modeling 
The equations of motion of a single inverted pendulum system can be obtained using 
approaches such as the Lagrange formulation [10, 29] or free body diagrams [28]: 
 
?̈?(𝑚𝑙2 + 𝐼) − 𝑚𝑙?̈?𝑐𝑜𝑠𝜃 − 𝑚𝑔𝑙𝑠𝑖𝑛𝜃 = 0                                                         (1a) 
 
Where, 𝐼 = 𝑚𝑙2/12 is the pendulum rotational inertia assuming that the pendulum rod has zero 
diameter.  
For small angles 𝜃 we can linearize Eq. (1a) as: 
 
?̈?(𝑚𝑙2 + 𝐼) – 𝑚𝑙?̈? − 𝑚𝑔𝑙𝜃 = 0,                                                           (1b) 
 
                        ?̈?(𝑀 + 𝑚) − 𝑚𝑙𝑐𝑜𝑠𝜃?̈? + 𝑚𝑙𝑠𝑖𝑛𝜃?̈?2 = 𝐹                            (2a) 
 
We can linearize Eq. (2a) for small angles 𝜃 𝑎𝑠: 
 




Where, F can be defined as           
 







𝑥ሶ                                                         (3) 
 
The state vector is defined as: 
𝑋 = [𝑥 𝑥ሶ 𝜃 𝜃ሶ ]                                                                           (4) 
The system is linearized about the unstable equilibrium at (0 0 0 0)𝑇, where 𝜃 = 0 corresponds to 
the upright position of the pendulum. We assume that the linearization of the system is valid only 
for small angles, 𝜃, where the operational range of 𝜃 is experimentally verified to be approximately 
(−0.12𝑟𝑎𝑑 ≤ 𝜃 ≤ 0.12𝑟𝑎𝑑). The linearization of the cart-pendulum system around the upright 
position is: 
𝑋ሶ = 𝐴𝑋 + 𝐵𝑢                                                                                     (5) 
𝑌 = 𝐶𝑋 + 𝐷𝑢                                                                                     (6) 
We can rewrite Eq. (1 & 2) as: 
?̈? = (?̈? + 𝑔𝜃)
3
4𝑙
                                                                               (7) 
?̈? = ((𝑀 + 𝑚) ?̈? − 𝐹)
1
𝑚𝑙
                                                                  (8) 
 
Solving Eq. (7 & 8) for decoupling the values of ?̈? and ?̈? while substituting the value of 𝐹 from 
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]                                                                         (11) 
 
Substituting values of the system parameters from Table. 1 in Eq. (10), the numerical state space 






















𝐶 = [1 0 0 0] 
 
𝐷 = [0] 
Our goal is to drive the output 𝑌, to a reference value of 𝑌𝑑. In our system we command the cart to 
a specific position, while stabilizing the pendulum at 𝜃 = 0. The state feedback control law is: 
𝑢 =  𝐾(𝑋𝑑 − 𝑋)                                                                                   (12) 
Where, K is the state feedback gain matrix. 
If, 𝑋𝑑 = [0 0 0 0],  
  𝑢 =  −𝐾𝑋                                                                             (13) 
Substituting u in the linearization equation we get 
𝑋ሶ = 𝐴𝑋 + 𝐵(−𝐾𝑋)                                                                (14) 
𝑋ሶ = (𝐴 − 𝐵𝐾)𝑋                                                                       (15) 
(𝐴 − 𝐵𝐾), are the system poles for the new system. In later sections we will see how the closed 
loop poles of the system changes as the weighting factors vary. 
 
2.5     Optimal Control using LQR Method 
Optimal control refers to a class of methods that synthesizes a control policy for maximizing 
the performance behavior of a system with respect to certain prescribed criterion. The LQR 
approach is one such optimal control technique, which determines the state feedback gains by 
optimizing the values of the system state order a typical response trajectory of the dynamical 
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system [14]. We have designed the state feedback controller using the linear quadratic regulator 
and the linear model of the system. In this particular design the gain matrix K is determined in a 
way such that the full state feedback control law of the form 𝑢 = −𝐾𝑋 satisfies the following two 
criteria: 




should be minimized. Here 𝑄 ≥ 0 and 𝑅 > 0 are positive (semi-) definite real symmetric matrices. 
 
2. The closed loop system is asymptotically stable. 
Here, Q and R are the weighting parameters that weight the state vector and system input 
respectively, 𝑋 is the time history of the states and 𝑢 the control input. 
Briefly the following LQR algorithm is designed to determine the optimal state feedback. 
Step 1: The Algebraic Ricatti Equation (ARE) is solved 
−𝑃𝐴 − 𝐴𝑇𝑃 − 𝑄 + 𝑃𝐵𝑅−1𝐵𝑇𝑃 = 0                                              (17) 
Step 2: The optimal state 𝑥∗(𝑡) is obtained from 
𝑋ሶ ∗(𝑡) = [𝐴 − 𝐵𝑅−1𝐵𝑇𝑃]𝑋∗(𝑡)                                                    (18) 
Step 3: The optimal control 𝑢∗(𝑡) is obtained from 
𝑢∗(𝑡) = −𝑅−1𝐵𝑇𝑃𝑋∗(𝑡)                                                               (19) 
Now, comparing Eq. (13) with Eq. (19), the optimal 𝐾 is given by 
𝐾 = 𝑅−1𝐵𝑇𝐾                                                                            (20) 
The weighting parameters Q and R chosen are the most important components of an LQR 
optimization process since these two elements have great impact on the system performance. In 
subsequent sections we show the detailed scheme for finding the optimal Q and R of an inverted 
pendulum system with specific parameters. 
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𝑅 = 0.00008 
 
2.6   Simulink Modeling 
In this section we developed a simulation of the inverted pendulum system in 
Matlab/Simulink platform. We compare the simulation results with experimental results to validate 
our model. We later compared the results with the experimental runs. To maintain the consistency 
of the model with the experimental system, we include band-limited white noise to model the 
sensor velocities and the input command voltage. In order to estimate the noise in the system, we 
performed a detailed analysis on the experimental input and measurement data. We computed the 
difference between the mathematically calculated voltage and the measured command voltage. 
The input voltage to the system is given in Eq. (21): 
 





Fig 2.2 :  Simulation block diagram of the inverted pendulum system 
To account for the position and velocity noise from the potentiometer sensors we measured 
the difference between the velocities given by Eq. (22 & 23) and the actual velocities obtained 
from the system. The velocities are calculated using the backward difference method, which is a 
technique that can be used to replace derivative expressions in continuous systems with discrete 
time difference approximations. Although this discrete derivative introduces noise into the 
continuous-time hardware system, we use a second-order low-pass filter for smoothing with a 
break frequency well over an order of magnitude greater than the dominant response dynamics. 
The sampling time of the microcontroller is ∆𝑡 which in my case is .0018sec. 
𝑥ሶ =  
𝑥− 𝑥𝑜𝑙𝑑
∆𝑡
                                                           (22) 
 
𝜃ሶ =  
𝜃− 𝜃𝑜𝑙𝑑
∆𝑡
                                                            (23)  
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We then calculate the standard deviation of the noise and eventually obtain the power of the band-
limited white noise from Eq. (24): 
𝑠𝑡𝑑 𝑑𝑒𝑣 =  √
𝑛𝑜𝑖𝑠𝑒 𝑝𝑜𝑤𝑒𝑟
𝑠𝑎𝑚𝑝𝑙𝑒 𝑡𝑖𝑚𝑒
                                                            (24) 
We added low-pass filters in both the model and the hardware and determined the cut off 
frequencies on theses filters by conducting an iterative process on the actual hardware to obtain 
best possible results.  We provide the simulation model as a replica of the hardware system in Fig. 
2.2. 
2.7   Experimental Results 
In this section we provide a detailed analysis of the balancing performance of the 
experimental system and then compare the results with the plots obtained from the simulation 
model in order to understand real world complexities and related issues. To determine the relative 
performance of the system, we provide experimental and simulation results for the time response 
characteristics of the cart position and pendulum angle. We set the initial states of the system to 
be: 
𝑥(0) = 0 𝑚, 𝑥ሶ (0) = 0 
𝑚
𝑠
, 𝜃(0) = 0.06 𝑟𝑎𝑑, 𝜃ሶ(0) = 0 
𝑟𝑎𝑑
𝑠𝑒𝑐
   
Using the system model and the weighing matrices Q and R from the previous section the state 
feedback gains obtained for our robust LQR controller is: 
 




   The position of the cart and the pendulum angle are compared during a typical experimental 
response in Fig. 2.3(a) & 2.3(b). The above plots show that the response predicted by the 
simulation matches the experimental results very closely. We can see from the figure that our 
simulation accurately predicts the measurement noise in the experimental system.                   
 
 





                           (a)                                                                        (b) 
Fig 2.3: Comparison for the experimental and simulation plots (a) cart position (b) pendulum 
angle 
By examining the experimental data at a finer scale, we determined that the noise was 
mainly quantization error from the potentiometer used to measure the cart position and pendulum 
angle. We determined the accuracy of the position sensor to be 0.0022cm and resolution of the 
angular sensor is 0.006 rad. Any change smaller than these numbers in the measurement of the cart 
position or pendulum angle will not be detected by the sensor and will cause small jumps in the 
input to the controller. These jumps appear as noise in the plots obtained for the cart position and 





2.8    Effect of Weighting Matrix Parameters on System Response 
In this section we investigate the specific changes in the root location and feedback gains 
that are caused by changing the Q matrix of the LQR controller. The response of an inverted 
pendulum system in terms of overshoot and settling time depends mainly on the location of the 
closed loop poles in the left s-half plane. Shifting of the dominant poles away from the imaginary 
axes of the s-plane is a desirable outcome. We also provide the physical limits on the experimental 
system that may prevent the weight changes from being effective. We support the conclusions 
made from the pole study with detailed experimental results from the system. Additionally, in 
analyzing the various aspects of the controller design we also present simulation results from an 
ideal model of the inverted pendulum without noise. 
The LQR matrix format for the inverted pendulum system can be described as 
                                                                     𝑄 = [













]                                          (25) 
                 
𝑅 = 0.00008 
Where, Q1 is the weight assigned to the cart position on the track and Q2 is the weight that the 
pendulum makes with the vertical axis of the system. We intentionally chose the weights on the 
velocity states of the Q matrix to be zero because we do not care about the velocities during the 
motion, we only require that the velocities are zero at the steady state.  R is the weight associated 
with the input command voltage applied to the system. We prefer to keep the weight on the input 














(a)                                                                            (b) 
Fig 2.4: Comparison of pole position with increasing weight associated with the cart position 
(b) expanded view of the dominant poles 
 
From Fig.2.4(a) and 2.4 (b) we can see that the effect of increasing the weight associated 
with the cart position (Q1) tends to shift the closed loop poles away from the imaginary axes. 
Based on this we assume that the system stability increases in terms of balancing performance with 
increased value of Q1. To verify the accuracy of the assumption we present the simulation and the 
experimental results for the performance parameters in Fig. 2.5 and 2.6. We can see that the 
experimental results exhibit similar time response characteristics and is in broad agreement with 
the ideal results with no noise involved in the system. We demonstrate the effect of changes in the 
weight penalty on the cart position and the pendulum angle. Figure 2.5 depicts substantial 
improvement in the stability and settling time of the cart position with increasing weight on Q1. 
Figure 2.6a also shows that increasing weight on the cart position tends to improve the response 
characteristics of the pendulum angle in terms of reduced settling time. The change is not as 





discrepancy is due to the measurement noise present in the angle sensors. We see that the system 
stabilizes in 1.01 s with a Q1 value of 0.7 as compared to 1.98 s for a Q1 value of 0.18.  However, 
the magnitude of overshoot does not change significantly with increase in weight associated with 
the cart position.     
 
 
  (a) (b) 
Fig 2.5: Comparison of system position response with increasing weight associated with the 












(a)                                            (b)   
Fig 2.6: Comparison of system pendulum angle response with increasing weight associated 




 Additionally, it is noteworthy to mention that as the LQR changes affect the feedback gains 
K, this in turn directly changes the demands on the command voltage of the system. This is given 
by Eq. (26) 
𝑉𝑐𝑜𝑚𝑚𝑎𝑛𝑑 = 𝐾1 ∗ (𝑥𝑑 − 𝑥) + 𝐾2 ∗ (𝑥ሶ𝑑𝑒𝑠 − 𝑥ሶ) + 𝐾3 ∗ (𝜃𝑑 − 𝜃) + 𝐾4 ∗ (𝜃ሶ𝑑𝑒𝑠 − 𝜃ሶ)             (26)          
Where, K1, K2, K3 and K4 are the values associated with the closed loop feedback gain of the 
system.                                                                                              
 
(a)                                                                                      (b) 
Fig 2.7: Variation of Feedback gain with increasing weight on the cart position (a) K1 & K2 
vs. Q1 (b) K3 & K4 vs. Q1 
 
Figure 2.7 shows the dependence of the feedback gains K, with varying weights on the cart 
position. The figure illustrates that while K1 and K2 demonstrates a decreasing trend with addition 














Fig 2.8: Comparison of command voltage with varying weights on cart position (Q1) 
We showed previously that increasing the weight penalty on the cart position tends to increase 
the system performance. However, increased performance also translates into increased command 
voltage, which is restricted to ±10 volts in our hardware system. Figure 2.8 shows that as the 
weight penalty increases, the response improves but at the cost of a larger control command. The 
physical limits in the real-world hardware prevent increasing the weight associated with the cart 
position within a certain limit.  
2.10    Effect of Pendulum Angle Penalty on System Response 
 In this section we discuss the effect of increasing weights associated with the pendulum 
angle (Q2) on the stability and performance parameters of the system. An investigation of the 
dependence of the pole position from Fig. 2.9 reveals that although the non-dominant poles of the 
system tends to move away from the imaginary axes, the system dominant poles tend to shift 
towards the imaginary axes with increase in the weight associated with the pendulum angle. This 










                    
                           (a)                                                                                (b) 
Fig 2.9: (a) Comparison of pole position with increasing weight associated with the pendulum 
angle (b) expanded view of the dominant poles 
 
We see from Fig. 2.10 & 2.11 that the experimental results are in broad agreement with the 
behavioral predictions of the simulations for the response characteristics of the cart position and 
pendulum angle. We can see that the system with a reduced weight on the pendulum angle (Q2) 
performs better in terms of increased stability and faster settling time. Simulation plot in Fig. 2.10 
(a) depicts that decreasing the weight associated with the pendulum angle tends to improve the 
response characteristics of the pendulum. Figure 2.10 (b) shows that the response characteristic of 
the pendulum angle actually performs better in experimental platform with decrease in the weight 
of the pendulum angle. The change in the performance of the pendulum angle of Fig. 2.10 (b) 
characteristics is not very significant in the experimental results due to the fact that the noise in 
the angular potentiometer have a relatively greater value. From Fig. 2.11(a) & 2.11(b) we can 
conclude that with decrease in the weight on the pendulum angle the response characteristics of 
the cart position decreases in terms of settlement time and hence has better stability characteristics.  


















                                         (a)                                                                     (b) 
Figure 2.10:  Comparison of system position response with increasing weight associated with 
the pendulum angle (a) simulation (b) experimental system 
                                                                                                                                                   










                                       (a)                                                                         (b) 
 
Figure 2.11: Comparison of pendulum angle response with increasing weight associated with 
the pendulum angle (a) simulation (b) experimental system 
 
Figure 2.12 shows the dependence of the system feedback gains K, with increasing weight on the 
pendulum angle. While K1 and K3 tends to increase, K2 and K4 shows a decreasing trend with 












                  (a)                                                                 (b) 
Fig 2.12: Variation of Feedback gain with increasing weight on the pendulum angle (a) K1 & 
K2 vs. Q2 (b) K3 & K4 vs. Q2 
 
Figure 2.13 shows that relaxing the weight on the pendulum angle also decrease the voltage 
requirement of the system. Eq. (22) governs the dependence of the input voltage of the system 
with varying weights associated with the pendulum position. However, Fig. 2.10 and 2.11 reveals 
an increase in magnitude of overshoot of the system with decrease in the Q2 value. This might 
restrict lowering the weight on the pendulum angle (Q2) due to hardware restrictions on the 



















The analysis presented in this section indicates that if balancing performance is to be 
achieved in terms of reduced settling time and better stability then tightening the weight on the 
cart position and relaxing the weight on the pendulum angle is preferred while maintaining the 
actual physical limits on the system hardware including voltage and current saturation as well as 
finite track length.  
2.11    Effects of Pendulum Length on Balancing Behavior 
In this section of the paper we study the effect of the pendulum length on the dynamic 
performance and the stability of the system. The length of the pendulum plays an important role 
in dictating the closed loop stability of the system. We use the position of the closed loop poles in 
the complex plane as a measure of the predicted performance of the system. We also provide 
experimental results to correlate response characteristics with the closed loop pole positions. Our 
experimental and simulation comparisons use weight penalties of Q1 and Q2 with values of 0.18 
and 0.6, respectively. 
  The pole positions in the complex plane shown in Fig. 2.14 indicates that increasing the 
length of the pendulum tends to pull the less dominant poles towards the imaginary axes and the 
more dominant poles move away from the imaginary axes. However, the figure indicates only 
slight differences in the positions of the dominant poles. This suggests slower performance of the 
inverted pendulum system since the less dominant poles tends to move significantly towards the 













                          
                             (a)                                                                                  (b) 
Fig 2.14: Comparison of system closed loop poles for increasing pendulum lengths (b) zoomed 
plot of the dominant poles  
 
However, if we refer below to Fig. 2.15, we notice that for the same initial pendulum angle 
the lateral distance of the tip as well as the center of gravity of the pendulum from the vertical 
varies for different pendulum lengths. So, in order to keep the lateral distance of the pendulum tip 
equidistant with the vertical reference we vary the initial angle of the pendulum according to Eq. 
(27): 
𝜃 =  sin−1
△
𝐿
























Where, △ is the initial distance of the pendulum tip from the vertical and 𝐿 is the length of 
the pendulum. Note that △ is considered to be a constant for all lengths of pendulum and the initial 
pendulum angle is varied depending on the value of 𝐿. To explore if the analytical results presented 
here extends to the simulation and experimental results, we modeled the system with two different 
lengths of pendulum. We discuss the results below: 
Simulation:  






                                                                                                                                                                                                     
(a)                                                                             (b)                                                                                    
 
Fig 2.16: Comparison of system response characteristics for ideal inverted pendulum system 
without noise for increasing pendulum lengths (a) cart position (b) pendulum angle 
          
The results from our pole study indicate that the response time of the system gets worse as 
the length of the pendulum gets longer. Figure 2.16 shows the comparison between the balancing 
performances of the system with different lengths and equal tip distance of the pendulum from the 
vertical (△) in Simulink model. We set the initial angle of the shorter pendulum at .08 rad and then 
calculated the pendulum tip distance for the other pendulum lengths using Eq. (27). Simulation 
results indicates that the settling time of the inverted pendulum system gets worse as the length of 











Fig 2.17: Comparison of control voltage with varying pendulum lengths 
 However, if we analyze the control effort required to stabilize the inverted pendulum in 
Fig.2.17 we observe that it is inversely proportional to the length of the pendulum. The figure 
suggests that it is easier to stabilize a longer inverted pendulum system than a shorter one although 
the system might have a slightly slower response. To analyze if the analytical and simulation 
results also extends to actual hardware system, we provide experimental results below: 
Experiment: 
    











Figure 2.18 shows the experimental results of the cart position characteristics for the 
comparison between two lengths of pendulum specifically 0.65 and 1.335 meters. Experimental 
result here depicts that although the overshoot of the system tends to increase slightly for the longer 
pendulum but the change in settling time for the longer inverted pendulum system is negligible as 
compared to the shorter one. But comparing the increase in overshoot and settling time with the 
decrease in control effort in Fig. 2.17 we can conclude that the effort required to stabilize a longer 
pendulum dominates the negligible change in the response characteristics of the system. In 
summary, this section suggests that it takes lesser control effort and hence it is easier to stabilize a 
longer inverted pendulum system than a shorter one. 
2.12   Conclusion 
We designed an LQR based controller to stabilize the inverted pendulum and compared 
experimental results with simulation model. Results show that the experimental results resemble 
the simulation model very closely. In this section, we summarize our findings for a robust LQR 
controller design of the system. We also present the response characteristics of the system with 
varying pendulum lengths: 
1. From our investigations we find that increasing the weight on the cart position results in better 
stability and faster response characteristics of the system but with the price of increased input 
command voltage and overshoot of the cart position on the track. The user needs to increase 
the weight on the cart position while maintaining the hardware limits such as voltage, current 
and track length. 
2. The stability and the system performance increase on decreasing the weight on the pendulum 
angle. In this case the input voltage also decreases on decreasing the weight, but the limitation 
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is on the position overshoot of the system track length since it increases significantly with 
greater stability and decreased response time. 
3. We have also shown the system response characteristics with variation in the length of the 
pendulum. Simulation and experimental results agree on the fact that the settling time of the 
inverted pendulum system increases with length of rod, which is already predicted by the 
position of the system poles in the complex plane. But results for the study of the control effort 
required to stabilize the system tends to decrease with increase in the length of the pendulum. 
This suggests that it is easier to stabilize a longer pendulum system than a shorter one. We 
have presented simulation and experimental results to corroborate the conclusion made from 
the closed loop pole study of the system.  
We assist the design of a robust LQR controller by tuning the weights on the performance 
parameters with adequate knowledge of limitations and tradeoffs associated with the design. We 
have also provided insight into the dependence of the system characteristics with varying 
pendulum lengths. 
In the future we wish to explore the nonlinear characteristics and limitations of the system. We 
also believe that on increasing the pendulum length there are certain bending modes, which gets 
activated. We hope to study a long length inverted pendulum with elastic characteristics on it and 
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CHAPTER 3: SIMULATION STUDY OF A SPHERICAL INVERTED PEENDULUM ON 
AN OMNIDIRECTIONAL CART WITH HOLONOMIC CONSTRAINTS 
Modified from a paper published in Dynamic Systems and Controls Conference 
Sayani Maity and Greg R Luecke 
3.1    Abstract 
         In this paper we develop the control and stabilization of a spherical jointed inverted 
pendulum balanced on an omnidirectional cart. The system consists of an omnidirectional cart with 
mecanum wheels equipped with a spherical inverted pendulum attached at the center of the 
platform. The spherical inverted pendulum is a rod pivoted to a joint, which is free to fall in any 
direction perpendicular to the horizontal plane. The omnidirectional cart has the special ability to 
move in any direction without changing orientation. It can also rotate around its vertical axis. This 
balancing platform provides a base with holonomic motion to support and balance the pendulum. 
In this work, the system has been decoupled into two separate subsystems in the x-z and y-z plane. 
We develop the system dynamic equations in both vertical planes and design a LQR controller to 
stabilize the system. Using one-dimensional pendulum experimental data, we validate our 
controller and extend the approach to stabilize the spherical pendulum in both vertical directions. 
Simulation results are presented to show the effectiveness of the decoupled system LQR controller 
in stabilizing the spherical pendulum.  
 
3.2    Introduction 
         The control of an inverted pendulum is a classic problem, which represents the class of 
inherently unstable systems. It resembles many simplified systems in robotics and aerospace 
applications. The inverted pendulum makes the perfect benchmark for a wide range of non-linear 
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control problems. The system is also known for its usefulness in control laboratories due to its 
unstable, non-minimum phase and under actuated non-linear properties. 
There exist numerous inverted pendulum problems with different configuration. The 1- DOF 
inverted pendulum on a cart is the most common among them [1, 4, 5, 6, 15]. Other variations of 
the system are the double [2, 3, 10] or triple inverted pendulum on a cart [7, 8, 9] and a rotational 
single arm pendulum [11, 12]. In this paper the stabilization of a spherical inverted pendulum on 
an omnidirectional cart with holonomic constraints is being presented. Holonomic systems have 
constraints that are integrable in the positional form. Such robots have the unique feature to move 
in any direction of the x-y plane without changing its direction of motion. A detailed study of 
holonomic vs. non-holonomic constraints is presented in [27]. We projected the pendulum onto 
the x-z and y-z planes, which are parallel to the x-y axes motion directions. While balancing the 
classical inverted pendulum in one direction of motion is generally achieved by a simple PID [17], 
LQR [18, 19] or fuzzy logic controller [20] but balancing a spherical inverted pendulum is more 
complex due to its axes being coupled. 
Existing technical literatures until this period mostly refers to the stabilization of the classical 
inverted pendulum in the x-direction of motion. There have been many studies involving the 
spherical inverted pendulum on an x-y table [13, 14] we develop the omnidirectional cart as the 
input to allow us to add arbitrary constraints for front-wheel steering later. There are some 
differences between stabilizing the pendulum on an x-y table and balancing it on the 
omnidirectional cart. As mentioned by Jung and Cho in [13], stabilization of the pendulum on the 
x-y table involves movement of one axis on the top of other simultaneously. The special 
omnidirectional wheels allow cart commands to stabilize the spherical inverted pendulum from 
the moving platform.  Jia-Jung Wang in [16] has also performed simulation studies for three types 
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of inverted pendulum systems namely the x, x-y and x-z inverted pendulum systems.  Wang et al. 
in [23] used a contact-less feedback low cost CCD camera to control a 2 - directional inverted 
camera. Kao et al. in [22] has also shown results of balancing a spherical inverted pendulum on an 
omni-directional cart. His results are mainly based on decoupling the system by retaining the 
predominant non-linear terms and neglecting the higher order terms of the whole coupled 
pendulum. In this study we have decoupled the system in two orthogonal planes and developed 
separate dynamic equations for the two directions of motion.  
In this paper the wheeled omnidirectional cart has the special ability to perform translational 
and rotational movement along any desired path. This special kind of cart has recently attracted 
attention in industrial and research applications [24, 25, and 26]. Although there is some existing 
literature on the modelling and dynamics of an omnidirectional cart with mecanum wheels [21, 
28], but their study did not focus on stabilizing the inverted pendulum on this cart. 
  In this specific study a spherical inverted pendulum is mounted on top of the 
omnidirectional cart. The pendulum is free to fall in any direction. The omnidirectional cart can 
also move in any desired direction of the x-y plane in order to stabilize the pendulum while 
controlling the cart to the commanded position. The effectiveness of this design has been verified 
in simulation with an identical model built with real world experimental parameters. Results have 








3.3    System Modeling 
         In this section we present the dynamic modeling of the spherical inverted pendulum on a 
four-wheeled omnidirectional cart. We present the modeling of the spherical inverted pendulum 
separately first and then present the dynamics of the whole system with the omnidirectional cart.  
Spherical Inverted Pendulum Modeling 
Figure 3.1 shows the modeling of the spherical inverted pendulum capable of rotating 
around the pivot point, O. The spherical pendulum is projected onto x-z and y-z orthogonal planes 
of the Cartesian space.  The length of the pendulum in the z plane is l. The lengths of the pendulum 
in the x-z and y-z planes are assumed to be 𝑙𝑥 and 𝑙𝑦 respectively. 𝜃 is the angle that the pendulum 
makes with the vertical axis in the z-plane. 𝜃𝑥 and 𝜃𝑦 are the projection angle of the pendulum in 
x-z and y-z planes respectively. The system is modeled under the assumption that the angle of the 
pendulum with the vertical axis is small and also the frictional force about the pendulum pivot 







Fig 3.1:  Projection of the pendulum in the two orthogonal planes 
From the geometry of Fig. (1) it is evident that 
𝑡𝑎𝑛2𝜃 =  𝑡𝑎𝑛2𝜃𝑥 + 𝑡𝑎𝑛
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Where, 𝑙𝑥 and 𝑙𝑦 are the pendulum lengths in the x-z and y-z planes respectively. 
Since the pendulum angle with the vertical is assumed to be small so we can use small angle 
approximations,  𝑠𝑖𝑛θ𝑥 =  𝑠𝑖𝑛θ𝑦  ≈  𝜃 and 𝑐𝑜𝑠θ𝑦 =  𝑐𝑜𝑠θ𝑦  ≈ 1. With these assumptions Eqns. 
(2) & (3) simplifies to  
 
                         𝑙𝑥 = 𝑙𝑦 =  𝑙                                                                          (4)                                        
 
The moment of inertia in each of the orthogonal planes is also a function of their lengths as 












𝐼                                                                     (6) 
 
where, 𝐼 =  𝑚𝑙2 12⁄  is the pendulum rotational inertia in the z plane assuming that the pendulum 
rod has zero diameter. 𝐼𝑥 and 𝐼𝑦 are the moment of inertia in x-z and y-z plane respectively. Since 
we have already derived that 𝑙𝑥 = 𝑙𝑦 =  𝑙 in Eq. (4) we can now also say that 𝐼𝑥 = 𝐼𝑦 = 𝐼.  
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With such simplifications we can now consider the spherical inverted pendulum as two 
decoupled pendulums in separate orthogonal planes, which can be controlled separately with two 
different LQR controllers. We will have a detailed discussion on the controller design in later 
sections. The inverted pendulum modeling is straightforward and is obtained using Lagrange’s 
equation of motion.  
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where, 𝐿 is the Lagrangian and is given by 𝐿 = 𝐾 − 𝑃. 𝐹𝑥 and 𝐹𝑦   are the resultant forces on the 
system by the motors in the x and y directions, respectively. Substituting L in the Lagrange’s 
equation and solving for them, we get: 
 
?̈?(𝑀 +𝑚) −  𝑚𝑙?̈?𝑥 = 𝐹𝑥                                                       (15) 
 
?̈?𝑥(𝑚𝑙
2 + 𝐼) −  𝑚𝑙?̈? − 𝑚𝑔𝑙𝜃𝑥 = 0                                             (16)                           
 
?̈?(𝑀 +𝑚) −  𝑚𝑙?̈?𝑦 = 𝐹𝑦                                                       (17) 
 
         ?̈?𝑦(𝑚𝑙
2 + 𝐼) −  𝑚𝑙?̈? − 𝑚𝑔𝑙?̈?𝑦 = 0                                           (18)                      
 
Omnidirectional platform modeling 
The omnidirectional cart used for this project has the capability to move and rotate in any 
desired direction. It is commonly termed as the wheeled mobile robot and consists of a platform, 
four similar mecanum wheels and four independently controlled motors attached to each wheel of 
the robot. A mecanum wheel also called the omnidirectional wheels consists of a hub and a number 
of rollers installed on the circumference of the hub. The rollers are free to rotate around its own 
axis. Fig. 3.2 shows a picture of the omnidirectional cart. These types of robots are often referred 
to as holonomic systems. In this study we will concentrate on balancing the inverted pendulum on 
the omnidirectional system with holonomic constraints so that the cart is free to move in any 
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orientation without actually changing its direction of motion. A model of a mecanum wheel is also 
shown in the same figure. In order to decouple the pendulum into two different orthogonal planes 
we have also separated the cart motion in x and y directions. Movement of the cart in the x and y 






Fig 3.2:  Photos of the omnidirectional cart and the mecanum wheel 
Figure 3.3 shows the cart movement in the x and y directions respectively. The total force 
applied to the system is the resultant of all the forces applied by the individual DC motors on the 
mecanum wheels. We can obtain the following from the direction of motion of the wheels for 


















𝐹𝑦 = 𝐹𝑓𝑙 +  𝐹𝑓𝑟 +  𝐹𝑏𝑙 +  𝐹𝑏𝑟                                      (20)                        
 
Since, the four motors attached to each mecanum wheels are identical so we can assume that the 
horizontal force applied to each wheel by the motors are same. Hence, we can write that 
 
𝐹𝑓𝑙 =  𝐹𝑓𝑟 =  𝐹𝑏𝑙 =  𝐹𝑏𝑟 = 𝐹                                        (21)                                
   









?̇?                                              (22)                               
        
Hence from Eq. (21) & (22) we get the horizontal forces in the x and y directions as: 
 







?̇?)                                   (23)                             
 







?̇?)                                   (24)                        
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3.4    State Space Modeling 
The dynamic equations in both the x-z and y-z planes are same, so the LQR controller 
applied to them can be designed in a similar way. We will first describe the state equations in the 
x-z planar motion and then will develop a suitable LQR controller for the system. The LQR 
controller will be developed for x-z plane and the same equations will be applied for the y-z plane 
except for a few changes in variables. The state vector for the system is defined as: 
 
𝑍𝑥 = [𝑥  ?̇?  𝜃𝑥  ?̇?𝑥]  & 𝑍𝑦 = [𝑦  ?̇?  𝜃𝑦  ?̇?𝑦]                            (25)                             
 
The cart is required to stay at the origin and the system is linearized about the unstable equilibrium 
point at(0  0  0  0  0  0  0  0)𝑇.  The linearization of the spherical inverted pendulum about the 
equilibrium point is: 
 
?̇? = 𝐴𝑍 + 𝐵𝑢                                                   (26) 
 
𝑌 = 𝐶𝑍 + 𝐷𝑢                                               (27) 
 
Rearranging Eq. (15, 16, 17 & 18), we get 
 
?̈? =  (?̈?𝑥 + 𝑔𝜃𝑥) ∗  
3
4𝑙
?̈?𝑥 = ((𝑀 +𝑚)?̈? − 𝐹𝑥) ∗  
1
𝑚𝑙
?̈? =  (?̈?𝑦 + 𝑔𝜃𝑦) ∗  
3
4𝑙











                                      (28)                            
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Solving Eq. (26) & (27) and substituting the value of 𝐹𝑥, the state space form of the system can 
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]                                                               (30)                                                 
 The equations for the inverted pendulum stabilization in the y direction can also be 
derived in a similar way. The state space equation in the y-z plane can be represented with the 
same set of equations except some change in parameter values. 
 
Table. 3.1. Parameter values of the Omni-Directional cart 
Parameter Description Value 
𝑀 Mass of the cart 0.580kg 
𝑚 Mass of the 
pendulum 
0.210kg 
𝑙 Distance from pivot 
to center of mass of 
the pendulum 
0.65m 




Table. 3.1. Continued 
Parameter Description Value 
𝐾𝑚 Motor torque 
constant 
0.00767Nm/A 
𝐾𝑔 Gearbox ratio 64 
𝐾𝑒 Back EMF constant 0.00767Vs/rad 
𝑟 Radius of each 
mecanum wheel 
0.05m 




Substituting the parameters for the omnidirectional cart provided in Table. 3.1 in the 

















𝐶 = [1 0 0 0] 
𝐷 = [0] 
The goal is to maintain the cart at the origin with the pendulum in the upright position. In order 
to achieve our goal, we command the cart to the origin while maintaining the pendulum angle 𝜃𝑥 
and 𝜃𝑦 at the upright position i.e. at 0. The state feedback control law is: 
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𝑢 = 𝐾(𝑍𝑑 − 𝑍)                                                        (31) 
 
Here𝑍𝑑 = [0  0  0  0  0  0  0  0], hence 
 𝑢 =  −𝐾𝑍                                                            (32) 
Substituting u in the linearization equation we get 
?̇? = 𝐴𝑍 + 𝐵(−𝐾𝑍)                                                  (33)                                                         
?̇? = (𝐴 − 𝐵𝐾)𝑍                                                     (34) 
     
Where, (𝐴 − 𝐵𝐾) is termed as the controlled state matrix. 
3.5    Decoupled LQR Controller Design 
         We have neglected coupling effects and decoupled the overall system into two different 
orthogonal planes. As such we can design two separate LQR controllers for each axis. In this 
section we will develop the controller gains for stabilizing the inverted pendulum in x direction. 
We will replicate the same set of equations except for a few changes in variables to design the 
LQR controller in the y-direction stabilization. The objective of the controller is to drive the system 
towards a desired position (𝑋𝑑, 𝑌𝑑) while maintaining the upright position of the inverted 
pendulum. The desired position for our case is (0, 0). The Linear quadratic regulator (LQR) is a 
well-known design technique that provides the optimal feedback gains. The main idea of using the 
LQR controller is to minimize a quadratic cost function of the form: 
𝐽 = ∫ 𝑋(𝑡)𝑇𝑄𝑋 + 𝑢(𝑡)𝑇𝑅𝑢(𝑡)
∞
0












Fig 3.4: Simulation block diagram of the spherical inverted pendulum system 
Where Q is a positive semi definite matrix representing the weight on the state vector and 
R is a positive definite matrix, which represents the weight on the control input. The goal is to 
determine the matrix K so as to minimize the cost function. Then we can say that 𝑢 (𝑡) =
 −𝐾𝑋 (𝑡) = −𝑅−1𝐵𝑇𝑃𝑋(𝑡) is optimized for any initial X (0). The value of P is obtained by solving 
the Algebraic Ricatti Equation (ARE) of the following form: 
 
−𝑃𝐴 − 𝐴𝑇𝑃 − 𝑄 + 𝑃𝐵𝑅−1𝐵𝑇𝑃 = 0                                      (36)                                        
 












𝑅 = 0.00008 
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Solving the LQR problem in MATLAB with the above-mentioned values of Q and R the optimal 
gain K is obtained as: 
𝐾 = [ −46.2377, −37.4850, 138.7775,   21.9741] 
In real world experiments we might need to adjust the K values for the x and y directions of motions 
due to different external factors like frictional force and coupling effects. Also, there is a chance 
that the horizontal forces applied on the mecanum wheels by the motors are slightly off for the two 
different directions of motion. But in simulation since the conditions are ideal, we can use the same 
set of K values for controlling the inverted pendulum system in both the direction of motion. 
We have illustrated the inverted pendulum system model in Fig.3. 4. As the figure 
suggests, the system comprises of the system gains obtained by solving the linear quadratic 
regulator, two separate control units for the x and y direction of motions and the omnidirectional 
spherical inverted pendulum system. We have also included some noise in the Simulink model 
since it is expected that the real experimental system will comprise of disturbances in the form of 
friction, measurement noise and system noise. The noise is included in the form of white noise 
with a power of .0014 and .0022 in the x and y directions, respectively. 
In view of Fig. 4, the control input 𝑢 to each axis comprises of the cart position control 
input 𝑢𝑝 and the pendulum angle control input𝑢𝜃. The control input for the x direction can be 
written as: 
𝑢𝑥 = 𝑢𝑝𝑥 + 𝑢𝜃𝑥                                                     (37)                                              
where,  
 




𝑢𝜃𝑥 = 𝐾1𝑥(𝜃𝑥𝑑 − 𝜃𝑥) + 𝐾2𝑥(?̇?𝑥𝑑 − ?̇?𝑥)                               (39)                                  
 
In a similar way the y-axis control input is 
 
𝑢𝑦 = 𝑢𝑝𝑦 + 𝑢𝜃𝑦                                (40) 
where,  
 
𝑢𝑝𝑦 = 𝐾1𝑦(𝑦𝑑 − 𝑦) + 𝐾2𝑥(?̇?𝑑 − ?̇?),                                 (41)                                 
 
𝑢𝜃𝑦 = 𝐾1𝑦(𝜃𝑦𝑑 − 𝜃𝑦) + 𝐾2𝑦(?̇?𝑦𝑑 − ?̇?𝑦)                           (42)                       
 
The corresponding K values are obtained by solving the LQR algorithm in MATLAB. In the 
previous pilot work [29], we explored the relationship between the LQR matrix values and the 
closed loop roots.  We used this work as the basis for our simulation controller.  
 
3.6    Simulation Results 
         We have illustrated simulation results in order to verify the effectiveness of the decoupled 
LQR controller for the omnidirectional spherical inverted pendulum system. The initial 












𝜃𝑥0 Initial pendulum angle 
in x-z plane 
0.04 rad 
𝜃𝑦0 Initial pendulum angle 
in y-z plane 
0.07 rad 
𝑥𝑑 Desired cart position in 
x-direction 
0 m 
𝑦𝑑 Desired cart position in 
y-direction 
0 m 
𝜃𝑥𝑑 Desired pendulum angle 
in x-z plane 
0 rad 
𝜃𝑦𝑑 Desired pendulum angle 




Figure 3.5a & 3.5b shows the baseline results for cart position and pendulum angle for a 
one-dimensional inverted pendulum system on a cart. The experimental plots resemble the 
simulation results very closely. We can also see from the figure that the simulation model 








Fig 3.5: Comparison of simulation and experimental results a) cart position b) pendulum angle 
Hence, we can use the simulation model to study the inverted pendulum behavior on an 
omnidirectional cart with holonomic constraints.                         
Figure 3.6a depicts the cart trajectory and pendulum angle for 10 seconds of simulation in 
the ideal case. It reaches the desired position, which is the origin in our case in about 2 seconds in 
the x direction and in about 3 seconds for y direction. Figure 3.6b shows the pendulum projection 
angles in the x-z and y-z plane without disturbance present in the system. The projection angles 











Fig 3.6: Simulation results for the cart position & pendulum angle in the two orthogonal 
planes a) cart position b) pendulum angle 
Figure 3.7 shows the movement of the cart in the x-y plane for 10 seconds of simulation 







Fig 3.7: System trajectory in the x-y plane without disturbance 
We will now illustrate the simulation results for the 2 DOF implementation including noise 
in the model. Figure 3.8a & 3.8b shows the system position in both the directions and the pendulum 
angle for the given initial conditions. Results show that it takes about 2 seconds to stabilize the 
pendulum in its upright position with noise present in the system. The system also returns to the 












Fig 3.8: Simulation results for the cart position & pendulum angle in the two orthogonal 
planes with disturbance a) cart position b) pendulum angle 
Figure 3.9 shows the trajectory of the system with disturbance in the x-y plane for 10 









Fig 3.9:  System trajectory in the x-y plane with disturbance 
Results verify that the proposed decoupling scheme and the LQR controller stabilizes the 
inverted pendulum while controlling the cart to a desired position successfully in simulation. 





the system. We plan to verify the simulation results with actual experiments as a future project. 
3.7    Conclusion and Future Work 
         In this paper we have developed the stabilization for a spherical inverted pendulum on an 
omnidirectional cart with mecanum wheels in simulation. The pendulum is free to fall in any 
direction of the x-y plane. Our results are based on one DOF experiments and show that the cart 
can be commanded to a desired position while maintaining the upright position of the pendulum. 
We have developed our simulation results using experimental validation of a planar system 
including random noise. Our simulation results reveal that the system can still be controlled and 
stabilized in the desired upright position. The system is first decoupled into x-z and y-z planes and 
two separate LQR controllers are applied to the system. Although the system performs 
satisfactorily in simulation, we need to verify the results with actual experimentation on the 
omnidirectional spherical inverted pendulum system. We believe that in actual experiments we 
need to deal with coupling effects and other non-linear factors such as friction and Coriolis effects. 
Also, since the modeling is based on the fact that the system is linearized for small angle of the 
pendulum about the vertical axis, so the stabilization of the pendulum can only be done for a 
limited range of angles. We also need to investigate the real-world limits like, voltage and current 
on the system for the experimental device. We plan to implement the ideas as a future extension 
to the simulation studies done in the paper. We would also like to design the experimental platform 
for the particular study and investigate the theory described in the paper as well as check the 
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CHAPTER 4: DYNAMICS AND LINEARIZATION OF A SPHERICAL INVERTED 
PENDULUM ON A FOUR WHEELED CART WITH NON-HOLONOMIC 
CONSTRAINTS 
Modified from a paper to be submitted in Journal of Dynamics Systems, Measurement and 
Control 
 Sayani Maity and Greg R Luecke 
 
4.1    Abstract 
         In this paper we have focused on developing the mathematical model to balance an inverted 
pendulum on a four wheeled omnidirectional cart with nonholonomic constraints. The kinematic 
relations are developed with Euler Lagrange’s equation for nonholonomic constraints. The 
symbolic equations for the model are developed with several assumptions. The focus of this paper 
is to develop a linearized model for the highly complex nonlinear system in order to lay a 
foundation for design of various linear controllers. We have also discussed the reason to choose 
an equilibrium point that is always an angle that the pendulum makes with the vertical. Hence it is 
necessary that the cart has to be in motion all the time in order to keep the pendulum in balance 
unlike the classical inverted pendulum where the pendulum can be balanced at a zero angle even 
without the cart not being in motion. The developed kinematics and dynamics of the system will 
lay a testbed for various available control algorithms as well allow to develop new control designs 






4.2    Introduction 
         This paper lays the foundation for designing a linear controller for various control 
applications and can also be used as a test bed for different existing algorithms. The mathematical 
model is designed to direct the nonholonomic cart along a specific directed trajectory while also 
maintaining the stability of the pendulum. The virtual mechanical system is comprised of an 
omnidirectional cart and a vertical rod which serves as the inverted pendulum. The omnidirectional 
cart mentioned has a unique characteristic to move in any desired direction including holonomic 
and nonholonomic routes. There are numerous existing literatures on the design and stability of 
such omnidirectional four wheeled robot structures [1]–[5]. This type of four wheeled 
omnidirectional robots are widely used nowadays in various medical applications [6]–[8]. 
Adascalitei and Doroftei in [9] have listed some practical applications of such robots. This includes 
a wide range of applications from military field to industrial field as well as educational and 
medical applications.   The cart comprises of four mecanum wheels which has a central hub and a 
number of rollers attached to it. This special design gives it the capability to move in any desired 
direction. Four DC motors and their power sources attached to the four wheels of the cart drive the 
vehicle along the desired trajectory. The pendulum is spherical which means that it can fall in any 
direction perpendicular to the horizontal plane. The non holonomicity of the system is achieved 
by the four steering wheels of the vehicle with mechanical constraints on the maximum possible 
steering angles.  
There are existing literatures involving the stabilization of an inverted pendulum on a 
wheeled non holonomic cart termed as two wheeled inverted pendulum [10], [11]. Zhou et. Al in 
[12] have discussed the design for the implementation of a two wheeled inverted pendulum on a 
planar turning motion and hence deals with nonholonomic constraints. However, most of the 
74 
 
existing literatures on nonholonomic wheeled inverted pendulum is focused mainly on designing 
the inverted pendulum with no platform. Nasrallah et. Al in [13] have stated that none of the 
existing literatures on WIP have focused directly on the central platform of the system and hence 
cannot be applied directly to an inverted pendulum on a platform with steering constraints. The 
described system differs with the given literatures in the way that this problem is more of extending 
the classical cart pole problem[14][15] to a real-world three-dimensional problem. Pousti & Bodur 
in [16] have discussed a similar problem with an inverted pendulum on a four wheeled platform 
but their approach for the model is different than discussed in this paper. They focused on modeling 
the system using homogeneous coordinate transformation of the system. We concentrate on 
linearizing the system model for the purpose of designing linear controllers for complex non 
holonomic inverted pendulum systems. 
A key issue with non-holonomic inverted pendulum cart is to steer the robot to a desired 
location while stabilizing the pendulum subject to the nonholonomic constraints of driving wheels, 
i.e., the no-slip condition. The stabilization of the inverted pendulum on the four wheeled cart is 
challenging since the control inputs is less than the number of configuration variables. The system 
described here has a total of four control variables which are the torque applied to the wheels of 
the cart and eight configuration variables namely the x and y position of the system on the 
horizontal plane, the rotation angle of the four wheels with respect to the body, the tilt and 
orientation angle of the pendulum.  
In this paper, we will first derive a nonlinear dynamic equation for the spherical pendulum 
with non-holonomic constraints. The next and the most important goal will be to linearize this 
model so that generalized linear controllers can be applied for stabilizing the pendulum with 
nonlinear model. Since in this model we have certain restrictions on planar movement of the cart, 
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hence classical linear strategies cannot be applied for stabilizing the system. On the other hand, 
existing complex nonlinear strategies to make the pendulum stable on a nonholonomic cart makes 
it promising to be applied on a regular basis [17] . 
The aim of this study is to design a linearized model for stabilizing the pendulum on the 
nonholonomic four wheeled cart. We have assumed that the angle that the pendulum makes with 
the vertical axis is small. We will employ a standard linearization technique for this paper. We will 
first derive nonlinear dynamic equations of our spherical pendulum and then investigate an 
equilibrium manifold. Next, we employed a linearized model based on the investigated equilibrium 
manifold. With this linearized model any generic linear controller can be designed for the system. 
The advantage of a linear controller is that it is simpler, more reliable, stable and widely used to 
design controller for different applications [18]–[21]. Sarker et Al, in [22] has mentioned the 
advantages of using an LQR controller for applications in oilwell drawstring. Nobahari et. Al in 
[23] has described the advantages of using a LQR controller for active vibration controller systems 
over other intelligent control systems. There are also some limitations of using a LQR controller 
among which the most significant is that this controller is not applicable to system with constraints 
[24]. Bagheri et Al. [25] have mentioned that although the LQR approach is very computationally 
efficient but it is not the best in terms of transient of a particular output. In [26] Choe and Seo have 
mentioned a way to assign a eigen value and eigen vectors of a closed loop system while also 
gaining the benefits of a LQR controller which they have specifically mentioned as guaranteed 
gain and phase margins. We will in this study approach the nonlinear problem by linearizing it 
around a suitable equilibrium point and overcome the shortcomings of the LQR approach in order 




4.3    Problem Definition 
         A schematic of the inverted pendulum system on the four wheeled cart is shown in Fig. 4.1. 
The pendulum is hinged to the center of the platform (point which connects the center of the four 
wheels). This specific model has certain restrictions as is previously mentioned by the term 
nonholonomic system. Non holonomicity in a system specifically means that the constraints cannot 
be written as an expression between coordinates or in simpler terms this constraint are non-
integrable into positional constraints. In this model this specifically means that pure rotation of the 
cart will not have any effect on the planar motion of the pendulum. This in simpler terms means 
that the cart cannot move perpendicular to its direction of motion in order to balance the pendulum. 



























The position of the pendulum is given by 𝛼 and 𝛽 respectively. ∅ is the steering angle and 
is given by 𝜙𝜖(−𝜋, 𝜋). The global position of the cart is given by position (x, y). The direction of 
the motion of the cart is shown by an arrow in the figure. For simplicity we assume that the center 
of mass of the cart coincides with the point O of the system. This problem may seem trivial to 
design using simple linearization methods in order to solve the problem. Let us consider the case 
where 𝛼 > 0 &𝛽 = 0. From simple control problem we can sense that the cart has to move 
vertically which is in the perpendicular direction to the motion of the cart. But as discussed 
previously this particular motion is prohibited by the non-holonomic constraints of the cart. Hence 
this problem of stabilizing the pendulum on an omnidirectional cart with non-holonomic 
constraints require more investigation than just linearizing the problem with available methods in 
literature. 
System Parameters 
• 𝑚𝑐: mass of cart 
• m: mass of pendulum 
• 𝑙, 𝑟: length of the pendulum and the wheel radius respectively 
• 𝑔: gravitational constant 
• 𝑏: half distance between the longitudinal wheels 
• 𝐽𝜙: moment of inertia of cart w.r.t cart axis 
• 𝐽𝑤: moment of inertia of wheel w.r.t wheel axis 
Based on the discussion above we have nine configuration parameters in total namely 
{𝜃𝑓𝑟 , 𝜃𝑓𝑙 , 𝜃𝑏𝑟 , 𝜃𝑏𝑙 , 𝛼, 𝛽, 𝑥, 𝑦, 𝜙} . We will next discuss the holonomic and non-holonomic 





?̇? =  
𝑟
2𝑏
{(?̇?𝑓𝑟 − ?̇?𝑓𝑙) + (?̇?𝑏𝑟 − ?̇?𝑏𝑙)}                                                       (1) 
Now let’s introduce a new term 𝑠 =  
𝑟
4
(𝜃𝑓𝑟 + 𝜃𝑓𝑙 + 𝜃𝑏𝑟 + 𝜃𝑏𝑙) which will reduce the configuration 
parameters {𝜃𝑓𝑟 , 𝜃𝑓𝑙 , 𝜃𝑏𝑟 , 𝜃𝑏𝑙 , 𝛼, 𝛽, 𝑥, 𝑦, 𝜙} by five variables namely {s, 𝛼, 𝛽, 𝑥, 𝑦, 𝜙}. 
Non-Holonomic Constraints 
 
?̇?𝑠𝑖𝑛𝜙 − ?̇?𝑐𝑜𝑠𝜙 = 0,                                                            (2) 
 
?̇? =  ?̇?𝑐𝑜𝑠𝜙 + ?̇?𝑠𝑖𝑛𝜙                                                           (3) 
 
Also, the torque inputs Γ𝑓𝑟 , Γ𝑓𝑙, Γ𝑏𝑟 , Γ𝑏𝑙 at the four wheels of the system are independent control 
input.  
4.4    Mathematical Modeling 










 =  𝐴′𝜆 +  𝑄𝑗                                                    (4) 
 
Where, A matrix is given by: 
 
𝐴 =  [
𝑠𝑖𝑛∅ −𝑐𝑜𝑠∅    0 0 0 0 0
𝑐𝑜𝑠∅ 𝑠𝑖𝑛∅ −1 0 0 0 0
]                                       (5) 
 
and is obtained from the non-holonomic constraints given by eq. (2) & eq. (3) 
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The configuration parameters are given by: 
𝑞𝑗 = [𝑥  𝑦  𝑠  ∅  𝛼  𝛽]                                                     (6) 
𝑄𝑗 = [0  0  𝑢𝑠   𝑢∅  0  0]                                                  (7) 
Where, 𝑢𝑠 and 𝑢∅ are the control inputs to the system. 
L is the Lagrangian and is given by 
𝐿 = 𝐾 − 𝑃                                                                  (8) 
Where, K and P are the kinetic and potential energy of the system, respectively. 


























]                                                 (9) 






































) =  0                                                       (11) 
 
Now the Lagrangian of the system can be defined as: 
 
























𝑑𝜏                                           (14) 
 
𝑉𝑝𝑒𝑛 =  𝜌𝑔 ∫ 𝑧𝜁𝑑𝜁
𝑙
0
                                                                 (15) 
Where, 𝑑𝜏 =  𝑑𝑚 𝜌⁄  and 𝜌 =  
𝑚
𝑙⁄  and 𝜏 ∈ [0, 𝑙] 
By solving these equations (10) & (11) we get the nonlinear dynamics as: 
1. 6(𝑚 + 𝑚𝑐 + 2𝑚𝑤)𝑠 + 3 sin 𝛽 𝜙 + 3 cos 𝛼?̈?̈
̈ − 3 sin 𝛼 ?̇?2 − 3 sin 𝛼 ?̇?2 + 6 cos 𝛽 ?̇??̇? =
6
𝑚𝑙
𝑢𝑠                                                                                                                             (16) 
2. 2𝑙 cos 𝛼 sin 𝛽 ?̈? − 2𝑙 cos 𝛽 sin 𝛼 ?̇??̇? + 𝑙 (2 − cos 2𝛼 − cos 2𝛽 +
𝜎𝐽𝜙
𝑚𝑙2
) ?̈? + 3 sin 𝛽 ?̇??̇? −






















4𝑙 cos 𝛼 cos 𝛽 ?̇??̇? =
3𝑔 sin2𝛼
√2√(cos2𝛼+cos2𝛽)


















4𝑙 cos 𝛼 cos 𝛽 ?̇??̇? =
3𝑔 sin2𝛽
√2√(cos2𝛼+cos2𝛽)





Now rearranging the terms to get the nonlinear model as: 
𝑀(𝛼, 𝛽)[?̈?  ?̈?  ?̈?  ?̈?]𝑡 + 𝐶(?̇?, ?̇?, ?̇?, ?̇?, 𝛼, 𝛽) = 𝐹[𝑢𝑠, 𝑢𝜙]













3 cos 𝛼 3 sin 𝛽 0
𝑙(1+cos2𝛼)(1+cos2𝛽)
cos2𝛼+cos2𝛽
2𝑙 cos 𝛼 sin 𝛽




2𝑙 cos 𝛼 sin 𝛽 𝑙(2 − cos 2𝛼 − cos 2𝛽 +
6𝐽𝜙
𝑚𝑙2
) −2𝑙 sin 𝛼 cos 𝛽
𝑙 sin2𝛼 sin2𝛽
cos2𝛼+cos2𝛽








       
(21) 
 










−3 sin 𝛼(?̇?2 + ?̇?2) + 6 cos 𝛽 ?̇??̇?




















































(𝜏𝑓𝑟 + 𝜏𝑓𝑙 + 𝜏𝑏𝑟 + 𝜏𝑏𝑙)/𝑟
𝑏(𝜏𝑓𝑟 + 𝜏𝑓𝑙 + 𝜏𝑏𝑟 + 𝜏𝑏𝑙)/𝑟
]                                             (23) 
 
Where,  𝐽𝜙 = 𝐽𝜙 + 𝑚𝑤𝑏






Linearizing the non-holonomic model 
Fact 1: 
𝐶(?̇?, ?̇?, ?̇?, ?̇?, 𝛼, 𝛽) = 𝐶(𝑣𝑒 , 0, 𝑤𝑒, 0,0, 𝛽𝑒) = 0                                                         (24) 
 
 
If and only if, 
3𝑣𝑒𝜔𝑒𝑐𝑜𝑠𝛽𝑒 + (2𝑙𝜔𝑒
2𝑐𝑜𝑠𝛽𝑒 + 3𝑔)𝑠𝑖𝑛𝛽𝑒 = 0                                          (25) 
Hence the equilibrium point for the nonlinear model can be stated as: 
𝑝𝑒 = [𝑣𝑒 0 𝑤𝑒  0  0  𝛽𝑒 ]                                                                  (26) 
And the linearization can be written as: 





𝛿𝑝 + 𝑀(0, 𝛽𝑒)
−1𝐹|𝑝𝑒𝑢                                (27) 
which yields the model as given below: 
𝛿?̇? = 𝐴(𝑣𝑒 , 𝑤𝑒 , 𝛽𝑒)𝛿𝑝 + 𝐵(𝛽𝑒)𝑢                                                (28) 
Where, 𝐴(𝑣𝑒 , 𝑤𝑒 , 𝛽𝑒) and 𝐵(𝛽𝑒) are given by: 


































































































, where ?̅?1 = 𝑚 + 4𝑚𝑐 + 8𝑚𝑤, ?̅?2 = 𝑚 + 𝑚𝑐 + 2𝑚𝑤                   (29) 
Hence, from eq (27) we can see that the model is linearized around the chosen equilibrium point 
which is at a small vertical angle of the pendulum and also provided that the cart is in continuous 
motion. 
4.5 Important Observations 
Observation 1: The summation of torques on a differential mass 𝑑𝑚 of the pendulum is zero. 
Proof: A differential mass 𝑑𝑚 of the pendulum is subjected to gravitational and centrifugal force 
on it, where the: 
Gravitational Force is given by: 
𝑑𝐹𝑔 = 𝑔𝑑𝑚, &                                                         (30) 
Centrifugal force is given by: 
𝑑𝐹𝑐 = (𝑅 + 𝜏𝑠𝑖𝑛𝛽𝑒)𝜔𝑒
2𝑑𝑚,                                                 (31) 
A schematic of the cart pendulum system subjected to the above-mentioned forces in an 
equilibrium motion is shown in Fig. 4.2.  
The total force on the pendulum can then be written as  
    𝐹𝑝 = ∫ (𝜏
𝑙
0
 𝑠𝑖𝑛𝛽𝑒 𝑑𝐹𝑔 + 𝜏𝑐𝑜𝑠𝛽𝑒 𝑑𝐹𝑐)                                                           (32) 
Where 𝜏 ∈ [0, 𝑙] and, 𝑑𝜏 = 𝑑𝑚 𝜌⁄  𝜌 = 𝑚 𝑙⁄ , 𝑅 is the radius of curvature at which the cart turns, 
Substituting the values of 𝑑𝐹𝑔 and 𝑑𝐹𝑐 from eq (30) and eq (31) in eq (32) we get the net torque 

















Fig 4.2: Schematic diagram of the four wheeled inverted pendulum system in an equilibrium 
motion 
Observation 2: The system cannot be stabilized if (𝑣𝑒 , 𝜔𝑒,𝛽𝑒 = 0) since the matrix will not be 
controllable in that case.     
Proof: The rank of the controllability matrix [𝐵, 𝐴𝐵, 𝐴2𝐵, … , 𝐴5𝐵] is four if (𝑣𝑒 , 𝜔𝑒,𝛽𝑒 = 0) and 
since the matrix is of fifth order hence the system is not controllable in this particular situation. 
Physically that would mean that the pendulum cannot be stabilized in the perfectly upright position 
and the cart has to be in slight motion all the time it is stabilizing the inverted pendulum. This 
result also shows that a perfectly upright pendulum on a motionless cart is not possible in this 
situation.               
4.6  Conclusion and Future Work 
We have introduced here the modeling of a four wheeled inverted pendulum as a novel 














systems and then linearized using various assumptions listed in the paper. The mathematical model 
established in this paper lays the foundation for the design of various linear controllers for a four 
wheeled inverted pendulum cart. This paper is actually an extension of the classical one-
dimensional inverted pendulum system to a real-world three-dimensional model which can be used 
for various practical applications. The linearization performed in this paper is actually done at a 
small angle of the pendulum and the vehicle has to move all the time in order to keep the stick in 
balance. We have shown that a standard linearization at the equilibrium zero is not possible in this 
case. We have also shown that with the given choice of equilibrium point the pendulum can be 
stabilized with the non-holonomic constraints at an almost upright position. We plan to design a 
Linear Quadratic Regulator (LQR) for the system and perform various simulation and 
experimental studies as an extension to this project. 
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CHAPTER 5: GENERAL CONCLUSION 
 
Stabilization of an inverted pendulum is the basis for many control applications including 
rocket science, agricultural equipment, transport industry and humanoid robots. Advanced studies 
on factors influencing the stability of inverted pendulum models plays a key role in the designing 
of the mentioned applications. In this thesis there are three main contributions. The relationship of 
the stability of the inverted pendulum with the system poles have been studied with simulation and 
experimental validation. Next, we have discussed the stabilization of a spherical inverted 
pendulum with holonomic constraints imposed on it. In this work the system comprised of an 
inverted pendulum which can fall in any desired direction and the cart can move in x and y 
direction to stabilize it. Simulation results have been shown in order to validate the mathematical 
modeling of the system. In our final work we have shown the mathematical derivations to derive 
a linear pendulum for a highly nonlinear non holonomic system. The model with a spherical 
inverted pendulum system with non-holonomic constrains have been designed and is reduced to a 
linear system. Linear controllers which are more affordable and convenient to work with can be 
designed using this model. We have discussed below the significant observations from each study. 
5.1    Stabilization and Optimization of Design Parameters for Control of Inverted Pendulum 
We designed a LQR based controller to stabilize the inverted pendulum and compared 
experimental results with simulation model. Results show that the experimental results resemble 
the simulation model very closely. In this section, we summarize our findings for a robust LQR 
controller design of the system. We also present the response characteristics of the system with 
varying pendulum lengths: 
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1. From our investigations we find that increasing the weight on the cart position results in better 
stability and faster response characteristics of the system but with the price of increased input 
command voltage and overshoot of the cart position on the track. The user needs to increase 
the weight on the cart position while maintaining the hardware limits such as voltage, current 
and track length. 
2. The stability and the system performance increase on decreasing the weight on the pendulum 
angle. In this case the input voltage also decreases on decreasing the weight, but the limitation 
is on the position overshoot of the system track length since it increases significantly with 
greater stability and decreased response time. 
3. We have also shown the system response characteristics with variation in the length of the 
pendulum. Simulation and experimental results agree on the fact that the settling time of the 
inverted pendulum system increases with length of rod, which is already predicted by the 
position of the system poles in the complex plane. But results for the study of the control effort 
required to stabilize the system tends to decrease with increase in the length of the pendulum. 
This suggests that it is easier to stabilize a longer pendulum system than a shorter one. We 
have presented simulation and experimental results to corroborate the conclusion made from 
the closed loop pole study of the system.  
We assist the design of a robust LQR controller by tuning the weights on the performance 
parameters with adequate knowledge of limitations and tradeoffs associated with the design. We 
have also provided insight into the dependence of the system characteristics with varying 
pendulum lengths. 
In the future we wish to explore the nonlinear characteristics and limitations of the system. We 
also believe that on increasing the pendulum length there are certain bending modes, which gets 
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activated. We hope to study a long length inverted pendulum with elastic characteristics on it and 
gain knowledge on the bending modes of the system. 
5.2 Simulation Study of a Spherical Inverted Pendulum on an Omnidirectional Cart With 
Holonomic Constraints 
In this paper we have developed the stabilization for a spherical inverted pendulum on an 
omnidirectional cart with mecanum wheels in simulation. The pendulum is free to fall in any 
direction of the x-y plane. Our results are based on one DOF experiments and show that the cart 
can be commanded to a desired position while maintaining the upright position of the pendulum. 
We have developed our simulation results using experimental validation of a planar system 
including random noise. Our simulation results reveal that the system can still be controlled and 
stabilized in the desired upright position. The system is first decoupled into x-z and y-z planes and 
two separate LQR controllers are applied to the system. Although the system performs 
satisfactorily in simulation, we need to verify the results with actual experimentation on the 
omnidirectional spherical inverted pendulum system. We believe that in actual experiments we 
need to deal with coupling effects and other non-linear factors such as friction and Coriolis effects. 
Also, since the modeling is based on the fact that the system is linearized for small angle of the 
pendulum about the vertical axis, so the stabilization of the pendulum can only be done for a 
limited range of angles. We also need to investigate the real-world limits like, voltage and current 
on the system for the experimental device. We plan to implement the ideas as a future extension 





5.3 Mathematical Modeling of a Spherical Inverted Pendulum on an Omnidirectional non 
holonomic cart 
We have introduced the modeling of a four wheeled inverted pendulum as a novel control 
problem. The system is analyzed through the Euler Lagrange’s equation for nonholonomic systems 
and then linearized using various assumptions listed in the paper. The mathematical model 
established in this paper lays the foundation for the design of various linear controllers for a four 
wheeled inverted pendulum cart. This paper is actually an extension of the classical one-
dimensional inverted pendulum system to a real-world three-dimensional model which can be used 
for various practical applications. The linearization performed in this paper is actually done at a 
small angle of the pendulum and the vehicle has to move all the time in order to keep the stick in 
balance. We have shown that a standard linearization at the equilibrium zero is not possible in this 
case. We plan to design a Linear Quadratic Regulator (LQR) for the system and perform various 
simulation and experimental studies as an extension to this project. 
 
